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Some Polar Towers
THOMAS MEIXNER
1. INTRODUCTION
In this paper, we mainly consider four infinite towers of locally finite diagram
geometries, and show that they are characterized by their diagram and the property of
having a flag-transitive automorphism group.
They form polar towers; that is, they are successive circle extensions of classical
generalized quadrangles (series {Gdk;;>l of (ck. Cz)-geometries, Gk being a point
residue of Gk + l ) , and possess flag-transitive automorphism groups. (The name goes
back to a remark in [6]). Their residues of type (cl . Cz) can be viewed as locally polar
spaces (see [6, Remarks (1.5)(3) and (4), p. 369]).
We classify infinite towers of (ck • Cz)-geometries with prescribed (c' . Cz)-residues,
i = 1, resp. 2, resp. 3. The results of this paper, together with the classification of
locally polar spaces [6,9,22] and results from [20] and [14], yield a classification of all
flag-transitive (ck • Cn)-geometries, including geometries related to the sporadic groups
C03 , MeL, HS, Suz, COl and the Fischer groups, up to three cases of small rank,
which will be dealt with in subsequent work.
Here, a (ck • Cz)-geometry is a residually connected geometry (of rank k + 2), with
diagram
For notation and definitions we refer to Section 2.
The families are G(Tzk+6), G(O~l15(3», G(O~~2(3» and G(Uk+3(2» : they are listed
in the table of [5], having numbers (72), (42), (66) and (20) respectively. We will recall
their definition in Section 3; their automorphism groups are ~Zk+6' POk+5(3),
POk+4(3) and P~Uk+3(4) respectively (suitable Witt index in the orthogonal cases
assumed).
The theorem we prove reads as follows:
THEOREM. Let G be a residually connected geometry with flag-transitive group of
automorphisrns G and diagram (c k • Cz), k > 2. Then the following holds:
(i) if residues of type (c l . Cz) are isomorphic to G(18), then G is isomorphic to
G(Tzk+6);
(ii) if (c l . Cz)-residues are isomorphic to G(O~l)(3», then G is isomorphic to
G(On5(3»;
(iii) if k > 4, and (c3 • Cz)-residues are isomorphic to G(O~-l)(3», then G is isomorphic
to G(O~~2(3»;
(iv) if (cz. Cz)-residues are isomorphic to G(U6(2» , then G is isomorphic to
G( Uk +4(2».
In all cases, G contains the corresponding simple subgroup of Aut(G), i.e. the
corresponding alternating, orthogonal resp. unitary group.
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As already stated, all these geometries G are well known, they (to be exact: their
collinearity graphs, that is the graphs underlying the geometries) have been studied,
and they have been classsified for the various properties that they possess. For
instance, the clasification of 3-transposition groups was achieved via their action on the
'commuting involutions graph' ([10,20]-see also [3]), and a similar approach was
taken in the case of groups generated by a class of elements of order 3 with prescribed
structure of subgroups generated by two elements in the family [1,18]. The
corresponding graphs include the collinearity graphs of our geometries G(12k+6)'
G(On5(3)), G( O~~~(3)) and G( U;+3(2)). Hence for the classification of (ck • Cz)-
geometries a lot of local (residual) information is available.
But the situation of our paper and the situations already studied differ in the
following crucial point. We do not assume finiteness of the graphs (geometries), and
we do not have the elements of order 2 resp. 3 corresponding to the vertices of the
graphs (points of the geometries) in our group of automorphisms from the beginning.
These two crucial properties have to be verified in the course of the proof of our theorem.
Hence, in order to apply the above-mentioned classifications [1, 10,20], it will be
shown that the diameter d(r) of the collinearity graphs T of the geometries is 2 (the
action of G on T has rank 3). Having achieved this, however, we can determine the
number of points in the (now known to be distance-transitive) graphs T and can
identify the geometries in various ways (see [3, 12]). Therefore, we are independent of
the above-mentioned theorems. Nevertheless, we will apply them, for convenience.
Apart from the above-mentioned group-theoretic papers, there are geometric
characterizations of the occurring graphs T; for instance, as (generalized) Fischer
spaces by Buekenhout, Cuypers, Fischer, Hall and Shult (see [8]) or by other
properties (see [25]). Let us also mention work by Ivanov and Shpectorov [13] who
characterized the 'odd degree analogue' to the series {G(12d}. And, of course, we
would like to mention the Locally Cotriangular Theorem by Hall and Shult [11], who
do not need any hypothesis on automorphism groups.
Diagram geometries the rank-2 residues of which are finite (classical) generalized
polygons or the geometries of 1- and 2-sets of a finite set (vertices and edges of a finite
complete graph, with diagram 0---=-0), were first introduced by Buekenhout [4], who
described many sporadic simple groups as (flag-transitive) automorphism groups of
such diagram geometries. Classification theorems for flag-transitive (c . Cn) geometries
(defined as locally polar spaces) were supplied by Buekenhout and Hubaut [6], and
later by several authors (see [9]).
We define the four families of (ck • Cz) geometries from scratch in Section 3. Section
4 contains the proof of the above theorem, while in Section 5 some relevant examples
are constructed. The last section-apart from giving another infinite chain of
flag-transitive geometries, this time with diagram (ck • Gz)-shows the uniqueness of
some (ck • C3) geometries to the sporadic Fischer groups, which form a 'short' tower.
Arguments will mostly be group-theoretic, the geometric arguments being essentially
those of [6]. Sometimes knowledge on the maximal subgroups (of certain types) in
classical or sporadic finite groups is used. We point out that although in the work
quoted the classification of finite simple groups is used, we could get along without this,
relying on the character tables of the corresponding groups (see [7]) or the general
theory of Lie-type groups.
2. PRELIMINARIES AND NOTATION
For general definitions of geometries (in the sense of Tits), and geometries posses-
sing a diagram, the appropriate reference is [19, section (1.2)] and/or [4, sections 3, 4].
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For convenience we will, however, recall the basic definitions. A geometry G of rank
n ~ 3, say over the index set 1 = {I, 2, ... , n}, consists of vertices of the n different
types i E 1, and an incidence relation on the vertex set with the property that two
vertices of the same type are incident iff they are equal. Flags of rank m in G are sets
of m pairwise incident vertices. Automorphisms of G are permutations of the vertex set
that preserve type and incidence. A subgroup of the automorphism group of G is said
to act flag-transitively on G if it permutes transitively the flags of each type. The
residue of a flag f!F in G is the set of all vertices of G that are not contained in f!F, but
are incident to all vertices of f!F. G is residually connected, if residues of flags of corank
at least 2 of G are connected, and if every flat is contained in a flag of rank n. The
residue of a flag of rank m is hence a subgeometry of rank n - m of G . We say that G
possesses a diagram, if all rank-2 residues of the same type are isomorphic, and define
the diagram of G as follows: we draw a node labelled i for every type i E 1 and indicate
the isomorphism type of the {i, j}-residues by a certain symbol between the nodes i
and j in the diagram. Clearly , residually connected geometries of rank at least 3 that
have a flag-transitive automorphism group do possess a diagram. The most important
rank-2 residues are (finite, classical) generalized m-gons, which are indicated by no
(resp. a single, a double, a triple) bond in the diagram for m =2 (resp. m =3, 4, 6).
We also deal with the rank-2 geometries consisting of points and 2-subsets of a finite
set, incidence being given by inclusion, and draw 0----:.-0 in the diagram; here the left
type denotes the points , and the right node stands for the 2-sets.
We are interested in residually connected geometries of rank at least 3, say k + 2,
which have a diagram of type (ck • C2) , such that the residues of type C2 are classical
generalized quadrangles , and admit a flag-transitive group of automorphisms. Let us
call such geometries simply (ck • C2)-geometries.
For the rest of this section let G denote a (c k • C2)-geometry for some k ~ 1.
We make the convention that in a geometry with linear (string) diagram the vertices
of the types 1,2, , k + 2, labelled from left to right in the diagram, are called
points, lines , planes, , hyperlines for brevity.
The classification of a geometry G will often be easiest in terms of the collinearity
graph T(G) of a (ck • C2)-geometry G . Hence we make some comments about the
relations between T(G) and G .
The collinearity graph T =T(G) is the graph on the point set T of G with p, q
adjacent ({p, q} an edge) iff there is a line in G incident with p and q. Let the set of
points incident to a vertex x of G be called the (point-) shadow Sh(x) of x. Then the
residue of a hyperline x is canonically isomorphic to the geometry of all 1-,2-
, . .. ,(k + Ij-cliques (complete subgraphs) of the m-clique Sh(x) of T(G) (m :=
ISh(x)l). Moreover, the set of shadows of vertices of G is a subgeometry of the
geometry G(T(G» of all 1-,2-, ... , (k + 1)-, and m-cliques of T(G), incidence given
by inclusion. We admit that the parameter m should appear in the expression G(T(G»
(whereas k is given implicitly by the diagram), but we hope it will always be
self-understanding: if the isomorphism type of the residues of type C2 is given , m is
also determined.
Clearly, for any connected graph T , the graph T(G(T» is canonically isomorphic to
T . Hence, any collinearity graph T of a (ck • C2)-geometry, k ~ 1, is determined by
G(T). However, we are more interested in the question of whether T(G) determines G
for a (ck • C2)-geometry, G , since we will classify the graphs T(G).
We consider the map ljJ : G-G(T(G» , defined by ljJ(x) :=Sh(x). Clearly, if ljJ is an
isomorphism of geometries, which we denote by 'if G and G(T(G» are canonically
isomorphic', G is determined by T= T(G) . Let us formulate two axioms on G, the
conjunction of which will be equivalent to ljJ being an isomorphism. The axioms appear
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in the literature, but we point out that in some cases the particular diagram of G is
essential for the statements to follow.
Obviously, injectivity of ep is equivalent to:
(0) For i> 1, vertices of type i are uniquely determined by their shadows.
The special case i = 2 is called (LL). Note that, if (LL) is fulfilled, we may identify
I;.(p), the set of points at distance 1 from p in F, with F(Res(p».
ep is always a morphism, since the diagram of G is linear. Assume that (0) holds,
and let x, y be vertices of G with Sh(x) contained in Sh(y). Then x and yare of types
i <j for some i, j, and if x is a point, there is nothing to show. By the structure of
Res(y), there is a vertex z in Res(y) with Sh(x) = Sh(z). Now (0) implies x = z
incident to y. Hence ep is an isomorphism from G into G(F(G».
Surjectivity of ep is equivalent to the axiom:
(X) Every i-clique in F(G), i =1,2, ... , k + 1, m, is the shadow of some vertex of G.
The special case i = 2 is built into the definition of F(G), while the case i = 3 is called
(BH) (see [9]) and states that there are no 'empty triangles' in F.
We remark on the following obvious facts.
REMARK 2.1. (i) Assume that (LL) holds in G, and (0) holds in Res(p) for some
point p. Then (0) holds in G.
(ii) Assume that (BH) holds in G, and (X) holds in Res(p) for some point p. Then (X)
holds in G.
(iii) Assume that (LL) and (BH) hold in G, and assume that for some point p the
geometries Res(p) and G(F(Res(p») are canonically isomorphic (i.e. (0) and (X)
hold in Res(p». Then G and G(F(G» are canonically isomorphic, i.e. (0) and (X)
hold in G.
If the geometry G is itself isomorphic to G(r) for a certain connected graph F, then
F= F(G(F» and G is determined by its collinearity graph F(G) right away. In
particular, the automorphism groups of G and F coincide.
Note that (LL) and (BH) alone imply that I;.(p) and F(Res(p» are canonically
isomorphic. Then, F is said to be locally F(Res(p». Non-trivial examples show that
(BH) is not automatically fulfilled in (ek • C2)-geometries; hence F need not be locally
F(Res(p». (For G the (e2 • C2)-geometry with automorphism group G = C03 and
Res(p) the (e· C2)-geometry with automorphism group Aut(MeL), the collinearity
graph Fis complete, and G acts 2-transitively on F.) On the other hand, a connected
graph which is locally F(G) for some geometry G certainly does not have to be the
collinearity graph of a geometry with Res(p) = G.
REMARK 2.2. For geometries G with slightly different diagrams such as (ek • Cm),
m » 3, a statement analogous to Remark 2.1(iii) holds.
3. THE INFINITE FAMILIES
In this section, we introduce the announced four families of geometries with diagram
(ek • C2) .
The representation of the automorphism group G on points of the geometry G is, in
three of the four cases (as well as in some additional cases to be considered in Section
5), the action of G on a class of 3-transpositions. In two of the families, namely in the
cases where the automorphism groups G are orthogonal groups over GF(3), the
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3-transpositions are reflections on the natural module for G. Here, a notational
difficulty arises. These series of 3-transposition groups (G, rG ) split into two families,
and each individual member has a certain Witt type (at least, in even dimension this
type is not unique), and the reflection centres have a certain 'length'. Therefore every
such 3-transposition group is mostly given two signs, one for the type of the space and
one for the type of the reflection (but see also [20]).
Unfortunately, not only is it a little disturbing to have so many indices, but the space
signs also change every two steps in each family. We have therefore chosen a slightly
different notation, such that each family has its 'sign', and individuals are identified by
their dimension and the family they are in.
In the (undirected) 3-transposition graph on r", the set {t, s} of two vertices t and s
is an edge precisely when the two involutions t and s of G commute. We describe the
graph in the natural module of G by identifying the vertices (i.e. the reflections) with
their reflection centres (eigenspaces to the eigenvalue -1): then, of course, two points
form an edge precisely when they are perpendicular in the orthogonal space.
We make the following definition.
DEFINITION. Let V be a (finite-dimensional) space over GF(3), carrying a non-
degenerate symmetric bilinear form (', .). Points of our graph are points (v), satisfying
(v, v) = 1. For abbreviation, we call them (+)-points of V. Two points (v), (w) of the
graph form an edge iff (v, w) = O. Then the isomorphism type of the graph is uniquely
determined by the dimension n of V, and the discriminant e (which is equal to +1 or
-1) of the form. Therefore, we denote the graph by T( O~E)(3». The two families
(differing by the sign s) are families of successive extensions: since the (n + 1)-
dimensional space with discriminant e is an orthogonal sum of a (+)-point (v) with an
n-dimensional space also having discriminant e, it is immediate that in the graph
T(O~Ell(3», the neighbourhood Ii(p) of a point p, is isomorphic to T( O~E)(3». The
Witt index of the space underlying T(O~~(3» is (-st.
The graph T(Un(2» is defined as follows:
DEFINITION. The vertices of the graph are the non-isotropic points of an n-
dimensional GF(4)-space with non-degenerate Hermitian form. Two vertices are
adjacent (form an edge), iff the two points are perpendicular in the unitary space.
Again it is easy to see that in T(Un + 1(2», the neighbhourhood of a point is isomorphic
to T(Un(2».
The graph T(12n) is defined as follows:
DEFINITION. The vertices of the graph are the 2-sets of the set {I, 2, ... , 2n} and
two vertices are adjacent iff they have empty intersection. Clearly, in T(T2(n + l » the
neighbourhood of a vertex is isomorphic to T(12n)'
We recall the following convenience.
LEMMA 3.1. (a) Consider the geometry G(T(O~-1)(3))), having as points the vertices
of the graph T(O~-1)(3» and as lines the maximal cliques (which are of size 3 here) of
this graph, incidence given by inclusion. Then G(T(O~-1)(3))) is isomorphic to the
generalized quadrangle for Sp4(2).
(b) Consider the geometry G(T(O~1)(3))), having as points the vertices of T(O~1)(3», as
lines the maximal cliques (which are of size 5 here) of this graph and incidence given by
inclusion. Then G(T(O~1)(3))) is isomorphic to the generalized quadrangle for U4(2).
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(c) Consider the geometry G(T(U4(2»), having as points the vertices of T(U4(2», as
lines the maximal cliques (which are of size 4 here) of this graph and incidence given by
inclusion. Then G(T(Ui2))) is isomorphic to the generalized quadrangle for PSp4(3).
(d) Consider the geometry G(T(T6», having as points the vertices of T(T6), as lines the
maximal cliques (which are of size 3 here) of this graph and incidence given by
inclusion. Then G(T(T6» is isomorphic to the generalized quadrangele for Sp4(2).
PROOF. Exploiting the isomorphisms between A 6, Sp4(2)' and .Qi(3), and between
U4(2) and Q 5(3) , the statements follow easily. 0
The definition of the families of (c k • Cz)geometries is built into the following
corollary .
COROLLARY 3.2. Assume that k > O. Then:
(a) The geometry G(T(0~~W3))), having as vertices the 1-,2-, ... , (k + 1)- and
(k + 3)-cliques of T(0~~2(3», incidence given by inclusion , is residually connected, has
diagram (ck . Cz), and the full orthogonal group of the underlying GF(3)-space acts
flag-transitively on it.
(b) The geometry G(T(Ons(3))) , having as vertices the 1-,2-, . . . , (k + 1)- and
(k + 5)-cliques of T(On5(3», incidence given by inclusion, is residually connected, has
diagram (ck . Cz), and the full orthogonal group of the underlying GF(3)-space acts
flag -transitively on it.
(c) The geometry G(T(Uk+4(2))) , having as vertices the 1-,2, ... , (k + 1)- and
(k + 4)-cliques of T(UH 4(2» , incidence given by inclusion, is residually connected, has
diagram (ck. Cz), and the full unitary group of the underlying GF(4)-space acts
flag-transitively on it.
(d) The geometry G(r('12k+6» ' having as vertices the 1-,2-, . .. , (k + 1)- and (k + 3)-
cliques of r(T2k+6», incidence given by inclusion, is residually connected, has diagram
(ck . Cz), and l:Zk+6 acts flag-transitively on it.
PROOF . For k = 0, the statements follow from Lemma 3.1. For k = 1, we have the
(c : Cz)-geometries that correspond to the locally polar spaces for 0 6(2), 0 6(3), U5(2)
and 0 :(2) appearing in [6, Theorem 2, resp. Theorem 4 (1.2) and (2.2)]. Let Gk + 1 be
a geometry appearing in the statements, and let p be a point of it. Then obviously the
residue of p is isomorphic to the geometry built on 1;(p), where T is the graph
underlying Gk + 1• Hence Res(p) is isomorphic to G k , the geometry preceding G in its
family. The results follows inductively. The statement about automorphism groups also
follows inductively. 0
Having so far indicated by notation that the just-defined geometries are the
geometries of all cliques of certain sizes in certain graphs, incidence by inclusion, we
now shorten the notation to G( 0~-1)(3» , G( 0~1)(3» , G( U;(2» and G(T2n ) . We
remark that there are easily derived recursion formulae for the numbers of vertices in
the graphs T(0~e)(3».
LEMMA 3.3. Let G be one of the (c, . Cz)-geometries defined in Corollary 3.2, k » 0,
r the underlying graph. Then the following holds:
(i) T(G(T» = r , G(T(G) = G . In particular, Aut(G(T» = Aut(T).
(ii) d(T) = 2; Aut(T) acts as a rank-S permutation group on r.
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(iii) The automorphism groups of the geometries are induced by the full orthogonal
groups over GF(3) in the two 'orthogonal cases', by 1:z n for G(Tz n ) and by PTUn(2) for
G(Un(2)).
(iv) Let G ~ Aut(G) act flag-transitively on G, and assume that k ~ 1. Then G contains
Aut(G)".
PROOF. (i) is clear by the definition, while (ii) is easily verified, knowing that the
orthogonal (resp. unitary resp. symmetric) group acts on G. Let this 'classical'
subgroup of Aut(r) be denoted by H (let H = PTUk + 3(4) in the unitary case). We have
to show that H = Aut(r). Let p be a point of G; then, by Frattini's argument and
induction, we only need to show that Kp , the pointwise stabilizer of T;(p) and {p} in
Aut(r) , is contained in H. Let q be a vertex at distance 2 from p, and let
pq = {q' E I;(p): T;(p) n T;(q) = T;(p) n T;(q')}. Then pq has exactly 2 elements
(exactly 3 in the unitary case), and Kp acts faithfully on pq (induction on k, (iii) being
well known for k = 0). But now it is easy to see that K; is contained in H, and (iii)
follows.
The proof of (iv) is inductive, applying [9] for k = 1. But, in fact, we could also refer
to Seitz's theorem for the point stabilizer in G and investigate the (already determined)
automorphism group of T.
4. CLASSIFICATION
In the following, we prove the theorem annouced in the introduction. It covers the
generic case of the problem of classifying flag-transitive residually connected (ck • Cz)-
geometries. Afterwards, we discuss some small rank cases and determine the universal
covers of T(O~I)(3)), T(O~-I)(3)) and T(U6(2)).
THEOREM 4.1. Let G be a residually connected geometry with flag-transitive group of
automorphisms G and diagram (ck • Cz), k ~ 2. Then the following holds:
(i) if residues of type (c1 • Cz) are isomorphic to G(Tg) , then G is isomorphic to
G(Tzk +6) ;
(ii) if residues of type (c ' . Cz) are isomorphic to G(O~I)(3)), then G is isomorphic to
G(OPls(3));
(iii) if k~4, and residues of type (c3 • Cz) are isomorphic to G(O~-I)(3)), then G is
isomorphic to G(O~~11(3));
(iv) if residues of type (cz . Cz) are isomophic to G(U6 (2)) , then G is isomorphic to
G(Uk +i 2)).
In all cases, G contains the corresponding simple subgroup of Aut(G).
PROOF. We treat the four cases in parallel as much as possible, then somehow
inexactly refer to them as the 'symmetric', 'orthogonal' and 'unitary' cases.
Let p be a point in the geometry G, and let T be the collinearity graph of G. By
Lemma 3.3, the stabilizer G; induces a rank-3 permutation group on T(Res(p)).
Obviously, this action is primitive, and hence (LL) holds by [9, Lemma 6]. By
induction and Remark 2.1(i), (0) holds in G.
Assume that (BH) does not hold. Then by the rank-3 action, T;(p), which can be
identified as a set with T(Res(p)) by the remarks in Section 2, is a complete graph.
Now {p} U T;(p) = {a} U I;(a) for any a E ll(p), and {p} U ll(p) is invariant under
Gp and the stabilizer of the line {p, a}; and hence by G, since these two subgroups
generate G by flag-transitive action. This implies T = {p} U ll(p) and in its action on
T, G is a transitive extension of Gp acting on ll(p). Clearly, Gp acts faithfully on
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Res(p) , hence also on Ii(p), and G; can be read off from Lemma 3.3 in all cases. Let x
be a hyperline incident with p and let Sh(x) have size m + 1 (the relation between k
and m is obvious). Then Gp.x/Kx, where K, is the kernel of the action of G, on Res(x)
tK; equals the pointwise stabilizer of Sh(x)), is isomorphic to Am or .I'm , and acts
naturally on Ii(p) n Sh(x). Inductively, K, is an elementary abelian 2-group (3-group
in the unitary case), which is a non-trivial section of the GF(2)- (resp. GF(3)-)
permutation module on Ii(p)nSh(x). But Gx/Kx is isomorphic to A m+ 1 or .I'm +I ' a
transitive extension of Gp •x / K, on Sh(x); hence K, is also a section of the
corresponding permutation module on Sh(x). We derive contradictions in all four
cases.
Assume that we are in case (i) or (ii). Then K; is an elementary abelian 2-group, and
there is no involution of K; central in Gp.x' Hence, m is odd and IKxl = 2m - I . Consider
the orbit of length 1/2(m + l)(m) of G, on K x • It splits under the action of Gp •x into
two orbits of lengths m and 1/2(m)(m -1), and involutions from these two have
different fixed point numbers on r(Res(p»)-a contradiction.
Assume that we are in case (iii) and that there is no involution in Kn which is
centralized by Gp,x- Then analogous arguments yield a contradiction. Hence assume
there is such involution t. This element t is distinguished in K, by the number of fixed
points on r(Res(p», and hence on r, and therefore t is also central in Gx- But now
CG(t) is transitive on the set C(t) of fixed points of t on r, and we may consider the
subgeometry Fix(t) = {v E G: Sh(v) ~ C(t)} of G . The appropriate truncation of Fix(t)
is a residually connected geometry with diagram (C k-2• C2) , the group CG(t) acts
flag-transitively on it, and the (c l • C2)-residues are isomorphic to G( O~l)(3)). Since
(BH) does not hold in Fix(t), we have a contradiction .
Finally, assume that we are in case (iv). Then K; is an elementary abelian 3-group,
and there is no non-trivial element in K, centralized by Gp •x ' Therefore, the same
arguments as in case (ii) and (i) yield a contradiction.
Hence (BH) holds in all four cases, and G and T are 'equivalent' by Remark 2.1(iii) .
In particular, d(T) ~ 2.
Now the symmetric case is clearly fine, since Ii(p) possesses the cotriangle property,
and [11, Theorem 2] gives that ris isomorphic to r("I2k+6), hence (i) holds .
Next , consider the orthogonal cases.
By flag-transitivity of G on G and by rank-3 action of Gp on Ii(p), G is transitive on
paths (p, a, q) with q E I;.(p) in r . Hence G; is also transitive on I;.(p), and Gp,q is
transitive on Ii(p ) n Ii(q) for q E I;.(p).
Let (p, a, q) be such a path.
By induction (resp. by hypothesis for k = 2) Ii(p) n Ii(q) n Ii(a) is not empty. And
again by induction resp. hypothesis and Lemma 3.3, IKaKp/ Kpl has at most 2 elements,
since it is normalized by Gp,a' Hence Kp n K; = Kp n Gq by the action of Kp on Ii(a),
and so Kp n K; = Kp n K; for some b e Ii(p) n Ii(q) n Ii(a), and so K; n K; = 1.
By induction and Lemma 3.3, we have (Gp / Kp ) ' isomorphic to PQn(3) for n equal to
k + 4 resp. k + 2 (suitable Witt index) in cases (ii) resp . (iii) , and we may embed Ii(p)
as the set of (+)-points into the natural module Vp for Gp. Clearly, (Gp.a/ Kp)' is
essentially a subgroup Qn-I(3) of Qn(3), and Gp.a,q· is a maximal parabolic subgroup
(stabilizer of a singular point) of Qn-I(3) (on Va ' but then also on ~).
Put 'W:= Ii(p) n Ii(q) embedded in Vp • Then Ii(a) n 'W, for a E 'W, is just the set of
all points in 'W n a \ which again can be viewed as the set of all (+ )-points in a ..l n w..l
for some singular point win a". Let a" E 'Wna..l. By dim(Vp)~6, there are such.
Then Ii(a *)nIi(a)n'W is a hyperplane section of 'Wna ..l as well as of 'Wn(a*) ..l .
Hence 'Wn(a*)..l, which spans a degenerate hyperplane in (a*) ..l , and contains the set
'W n (a *).L n a" , which spans a subspace of codimension 2 of (a *)..l with radical (w) , is
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contained in wi-. And hence the connected component 'W;, of 'W containing a is a set of
(+)-points of V p contained in wi-. Now, of course, 'W;, spans wi- and hence G p q leaves
wi-, and hence also <w >, invariant.
Hence Gp,q fixes a singular point <w > on ~; by the sizes of Gp,a,q and
fi(p) nfi(a)n fi(q) and, by the hypothesis on the dimension, Gp,q has to contain the
commutator subgroup of the stabilizer of <w> in G p• Now Gp,q has only two orbits on
(+)-points of Vp (i.e. on fi(p », the points inside and outside wi-, and there are edges
between the two orbits. Since one of the two orbits has to be fi(p) n fi(q), we
conclude that fi(p)~fi(q)I;(q) and now clearly J3(q) is empty. Therefore d(n~2.
Now it is shown that den = 2 and G acts as a rank-3 group on r.
Claim. T is a triple graph.
(We refer to a graph T as a triple graph-in the sense of Fischer [10, p. 1O]-if for
any two non-adjacent vertices a, b E T, there is a unique vertex e E T such that the
3-element subset (triple) {a, b, e} satisfies fiCa) n Ji(b) = fiCa) n fi(e) = fi(b) n fi(e).
See also [26, p. 2] and the axioms Al and A2 there. Afterwards, the triple maps
('indicatrices') will be shown to be automorphisms of T in our cases, and will define a
class of 3-transpositions in Aut(n.)
PROOF OF THE CLAIM. Let (p, a, q) be a path with p and q not adjacent. Then there
is a point q' E I;(p) n I;(q) n fiCa), with
fiCa) n fi(p) n fi(q) = Ji(a) n fi(p) n fi(q'),
and if b E fi (a) n fi (p ) n fi (q), this q' is already uniquely determined by
fiCa) n Ji(p) n fi(q) n fi(b) = Ji(a) n fi(p) n Ji(q') n fi(b).
By connectedness of fi(p) n fi(q), q' is independent of the chosen a E fi(p) n fi(q).
We have fi(p) n fi(q) = Ji(p) n fi(q') also fi(p) n fi(q) = Ji(q) n fi(q') by the action
of G, and q' is uniquely determined. Hence the claim holds. •
Now the permutation tp on r, which is defined as 'tp leaves fixed p and all elements
in fi(p), and switches the two other vertices of each triple {p, q, q'}' (as defined
above), is commutable with the action of Gp • We show that it is an automorphism of T:
the action of Gp on I;(p) is imprimitive with blocks of size 2; in fact the action is easily
verified to be the one on non-zero isotropic vectors of the natural orthogonal module
~ by the order of G pq• The orbit fi(p) - (fi(p) n Ji(q» for G pq shows that the edges
of I;(p) correspond to pairs of isotropic vectors of ~ that are not perpendicular, and
the graph induced on the imprimitivity blocks, on which G; acts, is the graph T' on
isotropic points of ~, two points (u) and <w > being adjacent, if they are not
perpendicular. A count of edges in I;(p) yields that there are exactly 2 edges of I'z(p)
mapping to an edge of T'. Without loss of generality, we may assume that two
isotropic vectors v, w of ~ (vertices q, r in I;(p» are on an edge, if (v, w) = 1. And
{a, q} for a E Ji(p), q E I;(p) is an edge precisely, if the point resp. vector of ~
corresponding to the vertices of the graph T are perpendicular. Clearly, the centralizer
of Gp in I(I;(p» is of order 2, and we can identify tp on rz(p) with the (-1) on ~.
This (-1) respects the bilinear form on ~; hence tp only permutes the edges on I;(p)
and also the ones between I;(p) and Ji(p). Hence tp is an automorphism of r.
Now, by [10, 10.5] the class {tp : p e Tv is a class of 3-transpositions in Auuf"). The
possible isomorphism types of the subgroup generated by these 3-transpositions in
Auttf") and possible isomorphism types of T are given in [20] (and in [10], of course),
and hence the structure of T follows from that of fi(p). Now (ii) and (iii) follow. (We
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remark that if Kp is non-trivial, it is simply the group (tp). If Kp = 1, the group (tp, G)
contains G properly.)
Assume that we are in case (iv). The discussion will be very brief, since the situation
is very similar to the one just discussed.
The same argument as above shows that for a path (p , a, q) , q E I;(p) , the group
Gp.qKp/ Kp contains the commutator subgroup of the stabilizer of an isotropic point of
(Gp/ Kp)"= Uk + 3(2) on its natural module Vp. Now , again , Gp.q has exactly 2 orbits on
r;(p) , which is identified with the graph of non-isotropic points of Vp • As above, this
gives d(r) =2.
Instead of having a triple graph T (and a class of 3-transpositions in Aut(r» as in
cases (i) , (ii) and (iii), we show that we have a 'quadruple graph' T and a class of
elements of order 3 in Aut(r) with certain properties, such that Aut(r) can be
identified by [1]. (Note that if Kp is non-trivial, it is of order 3, and the class is already
there in G.)
The graph I;(p) can now be identified with a graph on the set of isotropic non-zero
vectors of Vp • The action of Gp on I;(p) forces edges to occur only between
non-perpendicular vectors, and exactly 3 edges of I;(p) may onto an edge of the
corresponding graph on isotropic points of Vp •
'Isotropic vectors ' q E I;(p) and 'non-isotropic points' a E I;(p) of Vp are on an edge ,
if they are perpendicular in Vp • Then for q E I;(p), the vertices q', q" of I;(p)
corresponding to the 'scalar multipes' of q have the property that r;(p) n r;(q) =
r;(p) n r;(q'), and are characterized by this property. These sets {p, q, q', q"} are
called 'quadrupels'.
Define a permutation tp on r as follows. p and all vertices in I;(p) are fixed: on the
vertices different from p of one quadrupel {p , q, q' , q"}, '» is defined to be a 3-cycle.
Then tp is extended to the whole of I;(p) in such a way that it commutes with the
action of Gp•q », This well-defined permutation of r is an automorphism of the graph r.
The class of elements {t;,} of order 3 clearly satisfies the hypotheses of [1] and the
result (iv) follows. (The elements ta of Gp , a E r;(p), induces a reflection of order 3
with centre a in Vp ; hence (tp , tq ) can be determined in G; for a E T such that
p,qEI;(a).) 0
Having classified the 'generic case' of the polar towers, we have a look at the small
rank cases, which are left out in the theorem. In the following, I will describe to what
extent Theorem 4.1, together with [6] and other more recent results, determine all
(ek • Cz) geometries.
In this sense, if I say that the (ek • Cz) geometry G is an extension of the (c' . Cz)
geometry G' (0::;; t « k - 1), that means that residues of type (c'> Cz) in G are
isomorphic to G'.
The case of (c' . Cz) geometries was settled up to one small gap by Buekenhout and
Hubaut ([6], see [9]): in particular, they show that the (classical) generalized
quadrangles occurring as rank-2 residues in (c' . Cz) geometries are the ones for U4(2) ,
Sp4(2) and Q(;(2); for Sp4(3), U4(3) and .0(;(3).
We want to determine the extension of these .
The first case that we consider is the extension of the U4(2) quadrangle. (A proof for
d(r) ::;; 2 is contained in [6, Theorem 4]. The general case is covered in [3] and also in
Yoshiara [24] (see [9] for comments.) We would like to show that the method of [6]
works here as well.
PRoPosmON 4.2. Let G be a residually connected (e l . Cz)-geometry with flag-
transitive group of automorphisms G. Assume that residues of type Cz are generalized
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U4(2)-quadrangles. Then G is determined by its collinearity graph T and one of the
following holds:
(i) d(T) = 2, and T is isomorphic to r(0~1)(3» , and G is as described in 3.3 ;
(ii) d(T) = 4, G is a triple cover of the geometry in (i) , and 0 2(G) is a perfect central
extension of U4(3) by a centre of order 3.
PROOF. Let p be a point of G . We remark that the action of Gp on Res(p), which is
essentially the action of Gp as U4(2) on isotropic points of its natural module Vp resp.
the action as .Q~1)(3) on the (+)-points of its natural module Wp , forces (LL) to hold in
G . Since this 45-point representation of Gp certainly has no transitive extension to 46
points (see the arguments in the proof of the theorem, which go through) , also (BH)
holds in G, and hence G is canonically isomorphic to G(r(G». And the diameter of T
is at least 2.
The usual argument shows that Kp has at most 2 elements. Hence Gp is isomorphic
to some section of 2.U4(2). 2.
We discuss at length the case in which Gp is isomorphic to U4(2) itself, whereas in the
other cases the same arguments are applicable, with only details on the 2-structure of
the stabilizers being different. We follow the argument of [6, Theorem 4]. Hence we
assume that Gp is isomorphic to U4(2). Let (p, a, q) be a path with q E I;.(p). By rank -3
action of G; on 11(p), Gp,a acts transitively on I;(p) n 11(a); hence G is transitive on
such paths, Gp is transitive on I;(p), and Gp,q is transitive on 11(p) n l1(q) . The first
group we have to determine is Gp •q •
In the course of doing this , we must investigate the action of the possible maximal
subgroups of G; lying above Gp,q on 11(p). The relevant maximal subgroups of U4(2)
are of type ~6 (resp . 21 +43~, resp. 31+ 2S12(3) resp. 33~4) and any representative of the
class of maximal subgroups of this type will be named A (resp. 0 resp. U resp. P for
brevity, recalling their structure or their action on Vp or Wp ) . Orbit decompositions of
the 45 points of the generalized Ui2) quadrangle are as follows:
A': 15 + 15 + 15
0': 1 + 12+ 32
U' : 9+ 36
P": 27+6+6+6
The orbits of A' can be seen identifying A with Spi2), for the second identify 0 with
0:(3) , for the third U with SU3(2). For the last identify P with the stabilizer of the
singular point (v) on Wp ; when the 27-orbit L is regular for 03(P) «+ )-points outside
Vol) , and the 6-orbits K I1 K 2 and K 3 are complete bipartite subgraphs K 3 ,3 '
corresponding to pairs of perpendicular (+ )-points in V ol/ ( v ). There are no edges
between K; and K, for i not equal to j, but edges between L and each K;.
Clearly , Gp •a is isomorphic to O. By the structure of Res(a), we see that
11 (p ) n 11(q) n 11(a) is a discrete graph of size 3; and Go .a .q isomorphic to Z 3 X ~3 acts
transitively on it. Clearly , connected components of IJ.(p) n 11(q) must contain at least
6 points, and have even order. Obviously , Gp,q cannot be contained in A by the orbit
structure on 11(p), and hence must be solvable. Since Gp is a Lie-type group for
characteristic 2 and 3, any 2-local resp. 3-local subgroup of Gp is contained in a
maximal parabolic subgroup of Gp viewed as U4(2) resp . .Q5(3). Hence Gp •q , which is
clearly a proper subgroup of Gp , is contained in 0 or in U or P. If Gp •q is contained in
0 , it has to be all of O. But then 11(p) n IJ.(q) is a connected graph containing
triangles-a contradiction. Assume that Gp,q is contained in U ; then 11(p) n 11(q) is
connected of size 36 and has triangles-the same contradiction. Hence , Gp,q is
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contained in P, and clearly contains 03(P), Now , ~(p) n I;.(q) is certainly a union of
one, two or three of the subgraphs K, of size 6. Asssume that I;.(p) n ~(q) = K, U
K2 U K3 • Then Gp,q has exactly 2 orbits on ~(p), and the usual argument gives
d(T) = 2, Then, as in the proof of the theorem, we see that ris a triple graph, and the
3-transposition group acting transitively on T is of type PQ(;(3).2 (by [10] resp . [20]).
Hence r =r(0~1)(3» and (i) follows; since G is isomorphic to U4(2) , we obtain G
isomorphic to PQ(;(3).
Assume that ~(p) n I;.(q) = «, U K 2 , and hence is order 12. Then c.; has 3323
elements, still containing 03(P) as a normal subgroup. Let b E K4. Then Gp,q,b has 3~2
elements, including a central involution by the structure of Gp,b' Recall that 0 3(P) acts
regularly on L; hence Gp,q,b has an orbit of size 9 on L n ~(b). Now Gq,b cannot be
contained in A, nor in U by the 2-structure of Gp,q,b' Assume that it is contained in O.
Then it equals 0 , and I;.(b) n J;(q) has order 18, contradicting the action of 0 on
~(b). Hence assume that Gq,b is contained in P. Then ~(b) n J;(q) has 18 elements
and 3 connected components, contradicting the action of Gp,q,b'
This contradiction leaves only the possibility that ~(p) n I;.(q) = K 1 has 6 elements.
Assume that Gp,q, which is of order 3222, is not contained in P". Then it acts
transitively on the union of K2 and K3 , whence for b E K3 we have Gp,q,b of order 32.
Again , Gp,q,b has a regular orbit of length 9 in ~(b) n J;(q), and hence the possible
containments of Gq,b in A and U are out . Assume that Gq,b is contained in O. Then
Gp,b equals 0'; hence I;.(b) n J;(q) has size 32, has imprimitive action of 0' , and we
obtain a contradiction with the action of Gp,q,b'
Hence Gp,q equals P". And for b E K3 , e E K2 , we have IGp,q ,bl = IGp,q,cl = 3~. The
above argument leaves only the possibility that Gq,b and Gq,c are both conjugate to 0,
whence ~(b) n J;(q) and I;.(e) n J;(q) are both of order 32. But now the orbits of b
resp. e under Gq form subgraphs isomorphic to ~(q), and their (disjoint) union makes
up the whole of J3(q). Now £.(q) has exactly 2 elements: the diameter of r is 4, and
being at distance 4 is an equivalence relation on T: The quotient T' of T by this
equivalence relation is now a graph which is connected, and for p e T, we have [I;.(p)]'
canonically isomorphic to rap ') . Hence G(r') is again a residually connected
geometry with residues isomorphic to the residues in G(T) , and G induces a
flag-transitive group of automorphisms on I": But we have d(r(G(r'))) = 2, whence
G(r') and T' are as in (i), and G induces PQ(;(3) on I": The kernel of this action has
order 3; hence G is a central extension of PQ(;(3) by a group of order 3. Assume that
it is not a perfect central extension. Then Gp = G ' is normal in G, which is clearly
impossible. Now (ii) follows.
The discussion of the cases with Gp isomorphic to Aut(U4(2», to 2U4(2) or to
2 Aut(U4(2» is parallel to the above. Hence the graph r is again identified along the
same lines. For the identification of the group G, which can be any of the groups
between U4(3) and PO(;(3) resp . their 3-fold covers, we mention only that the largest
possible group actually occurs (whence also the isomorphism type of the 3-fold cover is
determined-this will be given in the next section) and all the relevant maximal
subgroups act flag-transitively on the geometry. 0
The further extensions of G(0~1)(3» form one of the polar towers of our theorem.
There is at least one extension of its triple cover (see Sed»~, and maybe more.
The (e l . C2)-geometries with generalized Sp4(2)-quadrangles as Cz-residues are
determined in [6]: they are the geometries G(Tg ) , where I g acts as Ot(2) on
non-singular points , G( 0~-1)(3», where POs(3) acts as 0(;(2) on non-singular points,
and some affine polar space with automorphism group 2SSp4(2) or 24SP4(2), the second
being a projection of the first one.
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Extensions of G( 18) form one polar tower of our theorem, and it is well known that
the affine polar spaces do not admit further extensions. The (c2 • C2)-geometry
extending G(0~-1)(3» is uniquely determined and is isomorphic to G(0~-1)(3» [11].
We want to determine the (c3 • C2)-geometries extending G(0~-1)(3» in the
following.
PROPosmON 4.3. Let G be a residually connected (c 3 • C2)-geometry with flag-
transitive group of automorphisms G. Assume that (c 2 • C2)-residues are isomorphic to
r(0~-1)(3». Then G is determined by its collinearity graph r and one of the following
holds:
(i) d(r) = 2, and T is isomorphic to r(0~-1)(3» , and G is as described in Lemma 3.3;
(ii) d(r) = 4, G is a 3-fold cover of the geometry in (i), and 0 2(G) is a perfect central
extension of .Q7(3) by a centre of order 3.
PROOF. The proof is similar to the proofs of Proposition 4.2, and Proposition 4.4
below, and is left to the reader. 0
Extensions of G(0~-1)(3» form one polar tower of our theorem, while we do not
know whether there are extensions of its triple cover .
The (c1. C2)-geometries with generalized Q6(2)-quadrangles as Crresidues are
determined in [6]; automorphism groups are 260 6(2), Sp6(2) and Z2x Sp6(2) , and
they do not admit any further extenions. The (c1 • C2)-geometries with generalized
Sp4(3)-quadrangles as C2-residues are determined in [6]: they are isomorphic to
G( Us(2». The (c2 • C2)-geometries with (c' . C2)-residues isomorphic to G( Us(2» will
be determined in the next proposition.
Pnorosrrtox 4.4. Let G be a residually connected (c2 • C2)-geometry with flag-
transitive group of automorphisms G. Assume that residues of type (c l . C2 ) are
isomorphic to r(Us(2» . Then G is determined by its collinearity graph r and one of the
following holds:
(i) d(r) = 2, T is isomorphic to r(U6(2» , and G is as described in Lemma 3.3 ;
(ii) d(r) = 4, G is a 4-fold cover of the geometry in (i), and 0 2.3(G) is a perfect central
extension of U6(2) by a centre of order 4;
(iii) d(r) =4, G is a 2-fold cover of the geometry in (i) , and 02(G) is a perfect central
extension of U6(2) by a centre of order 2.
PROOF. Let p be a point of G . We remark that the action of G; on Res(p) forces
(LL) to hold in G. Since this representation of Gp certainly has no transitive extension
(see the arguments in the proof of the theorem, which go through), also (BH) holds in
G, and hence G is canonically isomorphic to G(r(G» . Also the diameter of r is at
least 2. Let (p, a, q) be a path in r with q E I;(p). The usual arguments imply that G
permutes transitively the paths of this type. In particular, Gp is transitive on I;(q) , and
Gp •q is transitive on l}(p) n l}(q).
This time the structure of Gp.a implies that Kp has 1 or 3 elements, and Gp is
isomorphic to Us(2) or Aut(Vs(2» . Assume that the former holds; hence Gpa is
isomorphic to Z3 x Ui2) and Gp,a,q is isomorphic to 21+43~, acting transitively on the
8 points of Ji(p) n l}(q) n l}(a) which form a complete bipartite graph K 4 ,4 ' Now a
look at the maximal subgroups of Us(2) (see [7], for instance) shows that there are only
two possibilities for the isomorphism type of a maximal subgroup of G; containing
Gp,q. Assume that Gp •q stabilizes a point b e l}(p). Clearly, connected components of
l}(p) n l}(q) are complete tripartite graphs K4.4 .4 , and we obtain a contradiction, since
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U4(2) cannot act transitively on I; (p) n I; (q) now. Hence Gp,q is contained in the
centralizer of a transvection z of Gp = Us(2), say P, which is of type 21+63 1+ZSlz(3). For
the discussion of this case we need some information about the action of P on I;(p).
Clearly, P has exactly 2 orbits, the non-isotropic points of the natural Us(2)-module V
lying inside the centralizer of z (this orbit I has length 48) and the orbit 0 of
non-isotropic points lying outside Cv(z), of length 128. The orbit 0 is a regular orbit
for Oz(P), and is a connected subgraph of I;(p), while I is a disjoint union of four
subgraphs K 1 , K2 , K3 and K4 , which are complete tripartite graphs K4 ,4 ,4 ' and are
permuted transitively by PIP" = A 4 • Each K; corresponds to an orthogonal basis of
non-isotropic points in the unitary 3-space Cv(z)/Cv(P'). The orbits of the group
Oz(P) on I are of length 4, while the orbits of P" on I are exactly the K;, i = 1, 2, 3, 4.
As already mentioned, there are no edges between different K;'s, but every b E K; is
adjacent to exactly 32 elements in 0, lying in a regular orbit of OZ(Gp,b,r), for
r E I;(p) n I;(b).
Then set I;(p)nI;(q) is certainly a union of some of the K;. Assume that
I;(p) n I;(q) = I. Then the usual argument yields d(r) = 2, and Gp,q= P'. Now the
argument of Theorem 4.1 shows that T is a 'quadrupel graph', and there is a conjugacy
class of automorphisms of order 3 on r which pairwise generate a group of order 9 or a
S/z(3). Now [1] shows that T = r(U6(2)) and (i) follows.
Assume that I;(p) U I;(q) has 36 elements, say I;(p) n I;(q) = K 1 U «, U K3 • Then
Gp,q must be of type 21+63 1+z2.3. Take bE K4 • Then Gp,q,b is of type 21+4332 with a
central element of order 3. The only possibilities for the structure of Gp,b are the same
as above. But if Gq,b fixes a point in I;(b), then it has an orbit of length 45 on I;(b),
contradicting the action of 2 3 X U4(2) on the non-isotropic points of the 5-dimensional
unitary space. However, if Gq,b is contained in P, then it has to equal P. Since the orbit
of b under the action of Gq is not a discrete subgraph of r, it is a connected graph on
the points of the Us(2)-quadrangle. This again gives a contradiction to the action of
Gq,b on I;(b).
Hence we may assume that I;(p) n I;(q) = K 1 or K1 U Kz.
Assume that I;(p) n I;(q) = K1 U Ks: Then Gp •q is of type 21+631+z4 and acts
transitively on K 3 U K 4 • Now it is easy to see that the diameter of T must be at least 3,
and K3UK4=I;(p)nTJ(q). Hence c, acts transitively on TJ(p). Let bEK3 • Then
Gp,q,b is of type 21+43z2, and Gq,b cannot be contained in a group P, since then it would
have to contain pI, a contradiction to the structure of I;(b) n I;(p).
Hence it fixes a point of I;(b), say c, and it follows Gq,b= Gb,c by the action on
I;(b). Now TJ(p) is a graph isomorphic to I;(p), and 1~(p)1 = 1. Therefore, the map
switching vertices at distance 4 in T is a G-invariant automorphism, and it defines a
projection onto a graph I" with d(r') = 2. The graph gives rise to a geometry G(r')
which is a (cz. Cz)-geometry with G acting flag-transitively, and the (c ' . Cz)-residue
the same as in G(r). Hence T' is the graph r(U6(2)) by (i), and G(r') is isomorphic to
G( U6(2)). Hence G is a double cover of this geometry and G is a central extension of
U6(2) by a centre of order 2. Clearly, G ' acts transitively on T', whence G is perfect.
Now (iii) holds.
Finally, assume I;(p) n I;(q) = K 1• Then Gp,q has type 21+63 1+z2, and Gp,q is equal
to P" for some Pin Gq. Hence Gp,q has the K; as orbits on I;(p), and it follows, as
above, that TJ(p) is a disjoint union of three subgraphs isomorphic to I; (p ), and
I~(p)/ = 3. Now, being at distance 4 is an equivalence relation on r and, as above, one
shows that (ii) holds. 0
Extensions of G(U6(2)) form one polar tower of our theorem, while we do not know
any extensions of any of its proper covers.
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The (c' . C2)-geometries the C2-residues of which are generalized quadrangles for
Ui3) or .Q6(3) are geometries for some sporadic groups , characterized in [6] and [22],
(see [9]). Their further extensions are classified in [21] and [14].
Hence we conclude that the problem of determining all (ck • C2)-geometries the
C2-residues of which are classical finite generalized quadranges is solved up to possible
extensions of the proper covers of G(O~I)(3», G(O~-I)(3» and G(U6(2».
5. EXAMPLES
In this fifth section , we want briefly to describe some 'exceptional examples', in
particular the universal covers of the (not simply connected) geometries G( O~I)(3»,
G(O~-I)(3» and G(U6(2» , and determine the exact structure of their automorphism
group. We freely use ATLAS notation and information available in the ATLAS ([7]).
For examples (a) and (b) compare with [17].
(a) Take a group of type 32U4(3)Dg as it appears in the sporadic group COl. Then take
its subgroup H =32U4(3)(22) 122 ' and finally an involution t (of type 2D) in H - H' such
that H'(t) is of type 32U4(3)22 • Then define G = H/03(H) n C(t). The group G' is of
type 31U4(3)(22 ) 122 . Identify t with its image in G. Then define an undirected graph T as
follows: vertices of T are the conjugates in G of t, and {t , s} is an edge iff t and s
commute in G.
Clearly , G acts by conjugation vertex-transitively on T, and we consider a geometry
on T as follows: points , lines and hyperlines are the vertices , 2-cliques (edges) and
6-cliques of T, incidence is defined by inclusion.
Certainly G acts by conjugation point-transitively on the geometry G, which is
isomorphic to the geometry in Proposition 4.2(ii) . We see that the action of G is even
flag-transitive and G induces the full automorphism group on G. Orbits of 03(G) on G
yields the geometry G( O~I)(3». Flag-transitive subgroups of Aut(G) are G' and the
three maximal subgroups of G containing G' . Two of these are isomorphic (3U4(3)22)
but have non-isomorphic stabilizers on the geometry (see the discussion in [15, 10.5],
p.56).
(b) Take G = 3S07(3), with G' a perfect central extension of .Q7(3) and with
Z(G) = 1. Take t an involution of type 2D in G, and define the graph Ton to as in (a) .
Then the geometry G =G(T) defined by the 1-, 2-, 3-, 4- and 6-cliques of T is a
(c3 • C2)-geometry with G inducing the full (flag-transitive) automorphism group on G.
In fact, G is the geometry in Proposition 4.3(ii).
(c) Take G = 22U6(2)3 , with G' a perfect central extension of U6(2) and Z(G) = 1, and
d an element of type 3D in G - G'. Then define the graph T on dO and the
corresponding geometry G = G( T) using 1-, 2-, 3- and 6-cliques of T as above. Then G
is the universal cover of the geometry T( U6(2» , hence G is the geometry in
Proposition 4.4(ii). The automorphism group H of G is of type 22U6(2)I3 • Flag-
transitive subgroups are easily determined. Let z be an involution in 02(H); then orbits
of (z ) on the geometry define a projection, hence a 2-cover of T( U6(2», and hence the
geometry in Proposition 4.3(iii). Clearly, only CH(z) = 2U6(2)2 acts on this geometry,
which could also have been shown in Section 4. All three 2-fold covers are of course
isomorphic (conjugate under the action of (d».
(d) We also want to give here an example of a geometry, in which the triple cover of
G(O~1)(3» appears as a point residue.
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Let G =37!oM3) be the non-split extension, as it occurs in the Fischer group Fi;4'
Again we use ATLAS notation, but compare also with [23]. Let V = 03(G); the
3-elements in V are of types 3A, 3C and 3B, corresponding to vectors of the
orthogonal module of length -1, 1 and 0, if we normalize the form so that V has an
orthonormal basis (consisting of 3C elements).
The centralizer H in Fi;4 of an element v of type 3C is of type 372U4(3), and this
extension is non-split. Take an involution tin H mapping onto Z(H/V). Then CG(t) is
a group of type 3.2.Ui3)22, and the extension 3U4(3) is non-split. The element t is of
type 2B in Fi;4' Again define the graph ron tG and the geometry by cliques of sizes 1,
2, 3 and 7. Then G acts flag-transitively on this geometry, and the point residue is the
geometry in Proposition 4.2(ii).
REMARK. It might be worth remarking that the triple cover (perfect central
extension with a centre of order 3) of !oM3) gives a triple cover of r(O~-1)(3)) but not
of ri 0~1)(3)).
To understand this fact, consider G = Z2 x 3.S07(3) with G/03(G) isomorphic to
0 7(3) and G' a perfect central extension of Q7(3) by 03(G). Then, factoring out Z(G),
we obtain the desired group 3S07(3), but one type of reflection is mapped into the
perfect group 3Q7(3), which centralizes 03(G) (the class if named 2A), while the other
class (2D) does not. Now in the 2D case the point-stabilizer N(2D) splits off Q;(3),
while in the 2A case the point-stabilizer N(2A) is a non-split triple cover of Q(;(3). In
this second case also, the alternating groups A 6 and A 7 in the stabilizer of an incident
point-hyperline pair resp. of a hyperline are in fact non-split triple covers 3A6 and
3A 7, respectively, whence 03(G) lies in the kernel of the action on the graph (and the
geometry).
6. MORE TOWERS
We now show the uniqueness of the tower of (ck • C3 ) geometries coming from the
3-transposition graphs of the Fischer groups Fi22, Fi23 and Fi;4 (with its triple cover).
The results on Fi22 is already essentially contained in [6] (see [9] for a proof), but we
give the sketch of a (slightly different) proof here, because it will also work, with minor
changes, in the other cases.
PROPOSITION 6.1. Let G be a residually connected geometry with diagram (c 1 • C3)
and flag-transitive group of automorphisms G. Assume that Ce-residues are isomorphic
to the U6(2) building (viewed as a geometry). Then G is uniquely determined and G is
isomorphic to Fi22 or Aut(Fi22). T = r(G) is the 3-transposition graph of Fi22: it has
diameter 2 and G acts primitively with permutation rank 3 on r. If G is isomorphic to
Fi22, and p and x are a point and a hyperline of G respectively, then Gp = 2U6(2) and
G, = 21OM22.
PROOF. Let p be a point of G. Then Gp induces a subgroup of Aut(U6(2))
containing U6(2) on Res(p). Hence the action is primitive, rank 3, and hence (LL)
holds. Assume that Kp = 1. Then Gx is contained in the normalizer of 0AGp,x) of order
29 • Inducing a transitive extension of L 3( 4) on Sh(x), Gx / K, must essentially, be
M22- a contradiction, since 11 does not divide the order of L9(2). Hence Kp is
non-trivial: in particular, (BH) holds. By Remark 2.2, we may switch over to
r=r(G).
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It is easily seen that Kp must have exactly 2 elements. Let (p, a, q) be a path with
q E I2(p) in r. Then Gp,a,q is essentially 2.2 1+8U4(2) and Gp,q acts transitively on
Ii(p) n Ii(q)· Now the structure of Ii(p) n Ii(q) n Ii(a) forces connected components
of Ii(p) n Ii(q) to be isomorphic to r(O~1)(3)), with Gp,q acting flag-transitively as
U4(3), Ui3)2 or U4(3)2Z on them by Proposition 4.2 (as a subgroup of Gp the triple
cover cannot occur). But it is clear that in the two classes of subgroups 24A6 of U4(3)
one such subgroup must fix a point of the U 6(2) geometry, hence Gp,q has an orbit of
length 567 on Ii(p) and Ii(p ) n Ii(q) is connected. In particular, Gp,q has exactly two
orbits on Ii(p), of sizes 126 (Ii(p) n Ii(q)) and of size 567, and the usual argument
shows that d(n = 2, since there are certainly edges between the two orbits and, in Ga ,
there is an element interchanging p and q. Now the non-trivial elements Kp , p e T,
form a class of 3-transpositions in G, hence by [20] Fizz is normal in G. The result
follows. D
PROPOSITION 6.2. Let G be a residually connected geometry with diagram (cz. C3)
and flag-transitive group of automorphisms G. Assume that (c 1. C3)-residues are
isomorphic to the geometry in Proposition 6.1. Then G is uniquely determined and G is
isomorphic to Fiz3. T = reG) is the 3-transposition graph of Fiz3: it has diameter 2 and
G acts primitively with permutation rank 3 on r. If p and x are a point and a hyperline
of G respectively, then Gp = 2Fizz and G; = 211M23 •
PROOF. The proof is analogous to the proof of Proposition 6.1. This time, (BH)
follows, since MZ3 cannot act non-trivially on a lO-dimensional GF(2)-module. The
connected components of the 'local space' Ii(p) n Ii(q) now have to be isomorphic to
the collinearity graph r( O~1)(3)), and the flag-transitive automorphism group Gp q has
to be essentially P07(3) by Proposition 4.4. Connected components of Ii(p ) n Ii(q)
are of order 351 this time. Let b be a vertex in Ii(p)-Ii(p)nIi(q)). Then
comparison of the maximal subgroups of U6(2) and Q 7(3) (standing for Gp,b and Gp,q
respectively) yields that the orbit of b under G pq must be of size 3159, with Gp,q,b
essentially Sp6(2). Thus implies that Gpq has exactly 2 orbits on Ii(p), and in the usual
way d(n = 2 follows. Again, the set of involutions in the groups Kp , p e T, forms a
class of 3-transpositions in G, and by [20] or [10] the result follows. D
PROPOSITION 6.3. Let G be a residually connected geometry with diagram (c3. Cz)
and flag-transitive group of automorphisms G. Assume that (cz. Cz)-residues are
isomorphic to the geometry in Proposition 6.2. Then (LL) and (BH) are satisfied in G
and one of the following holds:
(i) d(n = 2, then G is uniquely determined, and G is isomorphic to Fi;4 or Fiz4, and r
is the 3-transposition graph of Fiz4;
(ii) d(n > 2, then d(n = 4, G is uniquely determined and a triple cover of the
geometry in (i), and G' is a perfect central extension of Fi;4'
PROOF. Let p be a point of the geometry. Then Gp induces Fiz3 on Res(p) by
Proposition 6.2, and hence (LL) holds. Assume that (BH) does not hold. Then the
number of points in T is 31672, and we obtain a contradiction applying Sylow's
Theorem to G.
Again Kp can have at most 2 elements. Let (p, a, q) be a path with q E I2(p) in r.
Then Gp,a,q is essentially P07(3) acting on Ii(p) n Ii(q) n Ii(a) isomorphic to
r(O~1)(3)) by Proposition 6.2. By Theorem 4.1, the connected components of
Ii(p) n Ii(q) are isomorphic to r(O~1)(3)), with Gpq inducing PQ;(3)2 or PO;(3) on
them. Now, there is only one class of subgroups isomorphic Q;(3) in Fiz3 with
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normalizer isomoprhic to Qt(3)..l'3; hence Gp d , being contained in this normalizer,
induces PQt(3)2 on every connected component of r;(p) n I;(q). Since there is an
element of order 3 in Fiz3, permuting the three classes of subgroups Q7(3), G;q must
have three orbits of length 1080 on I; (p). Let b be in r;(p) but not in any of these
orbits, then comparison of the maximal subgroups of Fizz and PQ;(3), standing for
Gp,b and Gp,q respectively, yields that Gp ,b ,q is essentially Qt(2). Now G;q has exactly
four orbits Sl> Sz, S3 and L of lengths 1080, 1080, 1080 and 28 431 on I;(p), and
r;(p) n r;(q) is contained in the union of the three short orbits. Obviously, Gp ,a ,q acts
transitively on the two short orbits not containing a, and hence it is easy to see that
there are edges between L and each of the S;.
Assume that r;(p) n r;(q) has size 3240. Then as usual, d(T) = 2, and it is not too
difficult to see that T is a triple graph (if Kp is non-trivial , and 3-transpositions are
contained in G already). The permutation representation of G; on I;(p) is imprimitive
with blocks of size 2, and the representation on blocks is rank 3 with orbits 1, 28431
and 109200. Hence the triple maps are easily seen to be automorphisms of the graph
12(p), Now there is a class of 3-transpositions in Aut(T) , and by [10] and [20], T is the
3-transposition graph of Fiz4. (i) follows.
Therefore assume that d(T) > 2, equivalently that r;(p) n I;(q) contains only one or
two of the S;. Being transitive on I;(p) n I;(q), the structure of Gpq contained in
PQ;(3)..l'3 rules out the second possibility. Hence we may assume that S, = I;(p) n
r;(q). Let b be contained in Sz. Then Gp •q •b acts transitively on Sl and S3 and
(considering the double coset decomposition of Q;(3) with respect to subgroups Q;(2)
and Q 7 (3» has two orbits of sizes 3159 and 25272 on L. Clearly , there are no edges
between S; and Sj for i different from i. and hence the orbit of length 3159 for Gp,q,b is
just I;(p) n I;(b) n I;(q).
Now G acts transitively on paths (q,a,p,b) with b e 13(q)' hence Gb,q acts
transitively on I;(b) n I;(q), and hence we obtain upper bounds on the index of Gq,b in
G q . Comparison of the possible indices (dividing the index of Gp ,b ,q) and the degrees of
irreducible characters of Fi23 , one works out easily that Gq •b must contain a group
2Fizz• Now it follows that I3(p) is a union of two orbits isomorphic to Ft(p) as
subgraphs of T, In particular, ~(p) consists of two single vertices .
Now there is an equivalence relation defined on T by 'being at distance 4' . This
relation is, of course, G-invariant and projects T (and also G) onto a locally isomorphic
graph (a locally isomorphic geometry). This graph resp. geometry, has diameter at
most 2, however, and is therefore the graph classified in (i). Obviously, the central
extension G' over the normal subgroup of order 3 does not split. 0
REMARK 6.4. (i) Trivially , the geometry in Propositioin 6.3 does not posses a
further extension, since MZ4 has no transitive extension.
(ii) Propositions 6.1, 6.2 and 6.3 include the results in [16] concerning the geometries
of the Fischer groups. On the other hand, [16] could be used for a different proof of
the propositions, if one first shows that the amalgams of the stabilizers of subflags of
some maximal flag in the geometries are uniquely determined.
(iii) Yet another proof of the uniqueness of the Fischer groups with respect to the
action on geometries as above, deriving a presentation for the groups through their
action on the geometries, is given by van Bon and Weiss in [2].
But there is another infinite tower of geometries, which we briefly describe. Again
the construction yields a graph r and the geometry will be some G(T) in any case.
LEMMA 6.5. Let V be an n-dimensional GF(9)-space equipped with the nondegener-
ate sesquilinear form (,). Vertices of the graph r= r,. will be the non-isotropic points ,
and p and q are adjacent in r exactly if they are perpendicular in V.
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(i) Let n = 3. Then the geometry of all I-cliques and maximal (i.e. 3-) cliques in T is
isomorphic to the Gz(2) hexagon.
(ii) Let n = k + 3 and k > 1. Then the geometry G = G(I;.) is residually connected with
diagram (ck • Gz) and has a flag-transitive automorphism group.
PROOF. Exploit the isomorphism between U3(3) and Gz(2)'.
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